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Plasma density measurements on COMPASS-C tokamak from electron cyclotron emission cutoffs
Electron cyclotron emission ͑ECE͒ is a standard diagnostic in present day tokamak devices for temperature measurement. When the plasma density is high enough the emission at some frequencies is cut off. Of these cutoff frequencies, the first frequency to cut off depends on the shape of the density profile. If the density profile can be described by a few parameters, in some circumstances, this first cutoff frequency can be used to obtain two of these parameters. If more than two parameters are needed to describe the density profile, then additional independent measurements are required to find all the parameters. We describe a technique by which it is possible to obtain an analytical relation between the radius at which the first cutoff occurs and the profile parameters. Assuming that the shape of the profile does not change as the average density rises after the first cutoff, one can use the cutoffs at other frequencies to obtain the average density at the time of these cutoffs. The plasma densities obtained with this technique using the data from a 14 channel ECE diagnostic on COMPASS-C tokamak are in good agreement with those measured by a standard 2 mm interferometer. The density measurement using the ECE cutoffs is an independent measurement and requires only a frequency calibration of the ECE diagnostic. © 1996 American Institute of Physics. ͓S0034-6748͑96͒00302-8͔
I. INTRODUCTION
Electron cyclotron emission ͑ECE͒ diagnostics are routinely used for plasma temperature and its fluctuation measurements in many present day tokamak experiments. [1] [2] [3] [4] [5] [6] The use of multichannel superheterodyne receivers has made it possible to measure this emission with good spatial and temporal resolution. 7, 8 However, the range of usefulness of ECE as a temperature diagnostic is limited by cutoffs and resonances occurring in the plasma and by the plasma optical thickness. O-mode emission will be cut off, i.e., not observed, if the plasma frequency is greater than the emission frequency anywhere between the emitting surface and the observation point ͑antenna͒. For the X-mode emission the right-and left-hand cutoff frequencies 9 determine whether the emission is cut off. Since these cutoff frequencies depend on the plasma density, one can use the observation of cut off as a local density measurement. The frequency calibration needed to calculate the cutoff density and its radial location is known to better than 0.2 GHz. If we can neglect the poloidal magnetic field, the other information required is the toroidal magnetic field, which is well known. Since no other information is required, this is an independent measurement which can be compared with other diagnostic measurements.
In order to use the observation of a cutoff as a density measurement one not only needs to know what emission frequency is cut off but also where the cutoff actually occurs. In some circumstances it is possible to find this location which then enables one to determine the density at the cutoff location at the time of the observation of a cutoff. At low densities, the cutoff frequency is low and the emission does not encounter any cutoff on its propagation to the receiver.
As the density rises the cutoff frequency increases and eventually emission at some frequencies will be cut off. The frequency at which the emission cuts off first depends on the shape of the density profile. For broad density profiles the frequency to cut off first occurs nearer to the outer edge of the plasma and for peaked profiles the frequency closer to the center of the plasma cuts off first. Thus the peakedness of the profile determines which frequency cuts off first. This dependence of the first frequency to cut off on the profile shape can be used in some circumstances to obtain two of the parameters describing the profile at the time of the first cutoff. If the profile description needs more than two parameters, then additional independent measurements are required to determine all the parameters. If the density is falling during its evolution, then the last frequency to cut on can be used to determine these parameters.
This type of technique was first used by Lohr 10 on DIII-D tokamak to infer the plasma density profile shape. The method involved determining the tangency of the righthand cutoff frequency and the second harmonic of the cyclotron frequency when plotted as a function of radius. This tangency point is found empirically to an accuracy which is three times less than the resolution of the ECE system. In this paper we derive an analytical relation between the profile parameters and the radius at which emission is first cut off. The accuracy to which the profile parameters can be determined therefore depends only on the resolution of the ECE system. Also, the analytical procedure presented in this paper can be applied to a more general class of profiles than the one considered by Lohr. 10 We describe the principle of this method in Sec. II. In Sec. III we present the results of applying this method to data obtained on COMPASS-C tokamak and compare them with an independent measurement of the line average density. Some practical considerations are discussed in Sec. IV. 
II. PRINCIPLE OF THE METHOD
We consider X-mode emission at the second-harmonic electron cyclotron frequency, 2 f ce , and assume that the emission from the equatorial plane is received perpendicular to the toroidal magnetic field by an antenna on the low field side of the tokamak as shown in Fig. 1 . Here, R 0 and a are the major and minor radii of the plasma, respectively. The distances from the major axis and the plasma center are denoted by R and r, respectively. Emission will be cut off if the right-hand cutoff frequency, f r , is greater than or equal to 2 f ce ͑evaluated at the emitting position͒ anywhere between the emitting position and the receiving antenna. The equality holds when the cutoff ''just'' occurs. We define a particular frequency to be locally cut off if that frequency is first cut off by the right-hand cutoff frequency evaluated at the same position as that of the emitting frequency.
For density profiles symmetric about rϭ0, the first frequency to be cut off as the density increases is always on the low field side of the tokamak and will be р2 f ce (R 0 ). Further, if the density is a monotonically decreasing function of r, all the frequencies smaller than 2 f ce (R 0 ) which are cut off will be cut off locally. For the purpose of this paper we consider only those density profiles which are symmetric and monotonically decreasing functions of r. We also assume that the functional form describing the density profile does not change during the observation of cutoffs at various frequencies. That is, the ratio of the plasma densities at any two spatial points remains the same during this time. Figure 2 shows the right-hand cutoff frequency for a parabolic density profile for the COMPASS-C tokamak ͑R 0 ϭ55.7 cm and aϭ19.6 cm͒ at three different central densities along with the cyclotron frequency and its second harmonic as a function of the distance from the major axis, R. Curve ͑a͒ shows the right-hand cutoff frequency when the first cut off occurs. Curve ͑b͒ is when the maximum of the right-hand cutoff frequency is equal to the second-harmonic cyclotron frequency at the same radial location. This location is found to be at Rϭ52.14 cm for this case. As the density rises further, the maximum of the right-hand cutoff frequency moves toward the center of the plasma. Since the emission from locations to the left of Rϭ52.14 cm will be cut off at the maximum of f r first, they are not local cutoffs according to our above definition. Thus the emission frequency at Rϭ52.14 cm is the highest frequency to cut off locally. This is not necessarily the last frequency to cut off locally, as can be seen from Fig. 2 . There will be some more frequencies to the right of the right-hand side intersection of 2 f ce and f r , yet to be cut off and will be cut off locally as the density further rises. Curve ͑c͒ corresponds to the situation where some of the frequencies are not local cutoffs. Curves ͑d͒ and ͑e͒ are the cyclotron frequency and its second harmonic, respectively.
In the cold plasma approximation the right-hand cutoff frequency is given by
where f pe is the electron plasma frequency. As the plasma density increases, the right-hand cutoff frequency increases and eventually cyclotron emission becomes cut off, first at a single frequency and later at lower and higher frequencies. The frequencies which cut off locally satisfy the relation:
Substituting 2 f ce for f r in Eq. ͑1͒, we get the following condition for a local cutoff:
Noting that f pe ϭ 8.98 ϫ ͱn e Hz, where n e is the plasma density in m
Ϫ3
, we can write Eq. ͑3͒ as
where RϭR 0 ϩr. Equation ͑4͒ gives the density needed at r for the emission to be locally cut off. When we observe the first cutoff, which is a local cutoff, we assume that the density can be parametrized by where the central density, n e (0), and the profile parameter, ␣, are free parameters. As noted in Ref. 10 , it is not possible to determine both n e (0) and ␣ from the observed cutoff using only Eq. ͑5͒. However, combining Eqs. ͑4͒ and ͑5͒ and using the 1/R dependence of f ce (R), we obtain the following equation for the central density, n e (0), for which a local cutoff occurs at R(ϭR 0 ϩr):
where B 0 is the toroidal magnetic field in tesla at R 0 . A plot of n e (0) as a function of R is shown in Fig. 3 for different values of ␣. These curves show a minimum in n e (0) at different radii for different values of ␣. For a constant value of ␣, as n e (0) increases the radius at which the emission cuts off first is that at which n e (0) is minimum in Fig. 3 . Also from Fig. 3 we can see that the higher the value of ␣, the closer to the plasma center the first cutoff occurs. Since n e (0) has a minimum, from Eq. ͑6͒ we get
where r f co is the radius at which the first cutoff occurs. For a nontrivial solution of Eq. ͑7͒
This equation uniquely determines the value of ␣ from the first cutoff radius, r f co . We may note that this relation between ␣ and r f co does not depend on B 0 . A plot of ␣ as a function of the first cutoff position is shown in Fig. 4 . Having obtained a value for ␣ from the first cutoff radius, n e (0) can be deduced from Eq. ͑6͒. Using these values of ␣ and n e (0) the average density can be calculated when the first cutoff occurs. Assuming that ␣ remains constant during the density rise, one can calculate the average density at later times as more and more frequencies are cut off, provided they are locally cut off.
The maximum of the right-hand cutoff frequency occurs at a location рR 0 . This maximum moves toward R 0 as the density rises. When this maximum, f r (R m ), equals the emission frequency at the same location, 2 f ce (R m ), the emission will be cut off locally. The emission frequencies higher than 2 f ce (R m ) when cut off will be cut off at the maximum of f r and hence will be nonlocal cutoffs. Therefore 2 f ce (R m ) is the highest frequency to cut off locally, the location of which can be found as follows. At the maximum of f r , we have
Since the location of this maximum, R m (ϭR 0 Ϫr m ), always occurs to the left of R 0 , d f pe /dRϭ␣r f pe /(a 2 Ϫr 2 ). Substituting this expression for d f pe /dR and Ϫ f ce /R for d f ce /dR in the above equation, we get
͑10͒
As the emission at this location is cut off locally, we can substitute 2 f ce 2 (R m ) for f pe 2 (R m ) from Eq. ͑3͒ in Eq. ͑10͒ to obtain the following quadratic equation in R m :
One of the two roots of the above equation corresponds to the location of the maximum. The other root is unphysical and hence ignored. The location of the highest local cutoff frequency can then be written as
For ␣ϭ0.5, from Eq. ͑11͒ we get R m ϭ(R 0 2 Ϫa 2 )/R 0 . Frequencies which are cut off but not locally cut off can also be used to deduce the mean density at the time when the cutoff occurs, but in this case the calculation is more indirect. Any frequency, 2 f ce (R 1 ), higher than the highest frequency that is locally cut off, is cut off first when the maximum of the right-hand cutoff frequency, f r , becomes equal to the emission frequency, 2 f ce (R 1 ) ͓see curve ͑c͒ in Fig. 2͔ . Since the emission is cut off first at the maximum of the right-hand cutoff frequency, when we observe the emission cutoff we have
where r co , the distance from the center of the plasma on the high field side, is the location of the maximum of f r and hence the cutoff. Combining Eqs. ͑10͒ ͑where R m is replaced by R 0 Ϫr co ͒ and ͑13͒ we get the following cubic equation, one of the three roots of which gives the location of the cutoff:
By choosing the root which occurs between R 1 and R 0 , where the emission is actually cut off, we can calculate the plasma density, n e (r co ͒, from Eq. ͑13͒ ͑where the left-hand side is evaluated at R 1 and the right-hand side is evaluated at R 0 Ϫr co ͒, which can be expressed as
͑15͒
From the plasma density at r co calculated using Eq. ͑15͒ and the value of ␣ obtained from the first cutoff, the average density can be calculated for the frequencies which are not locally cut off. These results from local and nonlocal cutoffs can be used to compare with the density evolution measured by a microwave interferometer.
Alternatively, the emission frequencies ͓р2 f ce 2 (R 0 )͔ which are locally cut off can be used to infer the density profile assuming the profile shape is not changing with time. In this case, no explicit functional form for the density profile needs to be assumed. Let us assume that n e (r 1 ,t 1 ) is the cutoff density at r 1 observed from the cutoff at time t 1 . If the profile form is not changing we can calculate the density, n e (r 2 ,t 1 ), from the cutoff density at r 2 at a different time, t 2 , from the relation n e ͑ r 2 ,t 1 ͒ϭn e ͑ r 2 ,t 2 
where n (t 1 ) and n (t 2 ) are the line average densities measured by the interferometer at t 1 and t 2 , respectively. Using Eq. ͑16͒, we can calculate the densities at different radii but at the same time from the observed cutoff densities and the average densities to obtain the profile. Frequencies which are not locally cut off cannot be used in this way, since in this case the form of the density profile must be assumed a priori in order to relate the local density to the radius at which the right-hand cutoff frequency exceeds the frequency of emission.
For O-mode fundamental cyclotron emission, the emission cutoff occurs at the plasma frequency. A similar analysis can be carried out and one gets exactly the same relation ͓Eq. ͑8͔͒ between r f co and ␣ if the density at the time of first cutoff can be described by Eq. ͑5͒. For this case all the frequencies less than f ce (R 0 ) are locally cut off. The frequencies higher than this frequency are cut off first at the maximum of the plasma frequency which occurs at rϭ0. The cutoff of these frequencies will therefore give a value for the central plasma density directly at the time when each is cut off. The left-hand cutoff frequency which effects the X-mode emission is always less than the right-hand cutoff frequency at any given location. Therefore the emission will be first cut off by the right-hand cutoff frequency and the left-hand cutoff frequency is not useful for this kind of density measurement.
One can use the same procedure described in this section for finding the profile parameters for other more general profiles. For example, if we assume that the density profile can be described by
we can show that the relation between the parameters ␣ and ␤ and the first cutoff radius, r f co , is given by
If we have an independent central density, n e (0), measurement such as from a Thomson scattering diagnostic when the first cutoff occurs, we can calculate ␣ and ␤ using Eqs. ͑17͒ and ͑18͒. A more realistic profile is one where there is a finite edge density, n e (a). In this case, if we assume that the density profile is described by n e ͑ r ͒ϭ͓n e ͑ 0 ͒Ϫn e ͑ a ͔͒͑1Ϫr 2 /a 2 ͒ ␣ ϩn e ͑a͒, ͑19͒
then one can show that the profile parameter, ␣, is given by
which reduces to Eq. ͑8͒ when n e (a)ϭ0. If we have the edge density measurement at the time of the first cutoff, perhaps from a Langmuir probe, we can calculate the profile parameter, ␣, from the above equation.
III. RESULTS
COMPASS-C is a circular tokamak with major and minor radii of 55.7 and 19.6 cm, respectively. The maximum available toroidal field is 2.1 T on axis. More detailed information about the COMPASS tokamak is available elsewhere. 11 The COMPASS-C 14 channel ECE diagnostic is a heterodyne radiometer receiving X-mode cyclotron emission in the frequency range of 53.0-66.5 GHz. Each channel has a bandwidth of Ϯ0.5 GHz and the channel separation is about 1.0 GHz. In practice the maximum of these two determines the radial resolution and hence the resolution of the cutoff radii. Figure 5 shows the cyclotron emission signals as observed by some of the ECE channels along with plasma current for a shot where the plasma density was ramped up by gas puffing and then decreases when the gas puff is switched off. The emission cutoff is seen in all the channels as the density rises. During the density fall emission reappears.
During the density rise the emission is first cut off in the channel corresponding to Rϭ62.4 cm. Using Eq. ͑8͒ the value of ␣ calculated is 0.81. During the density fall the emission which reappears last is at Rϭ61.2 cm. This gives an ␣ value of 1.04. Typically the uncertainty in ␣ arising from finite bandwidth of the channel is Ϯ0.15 in our case. Clearly this will depend both on the channel bandwidth and on ␣. For very peaked profiles ͑large ␣͒ the uncertainty is greater. Using these values for ␣ during density increase and decrease, respectively, the average densities are calculated at the cutoff times. These calculated average densities are plotted in Fig. 6 together with the average density measured along a central vertical chord through Rϭ55.7 cm by a 2 mm interferometer. The vertical error bars on the points in Fig. 6 are due to the uncertainty in ␣ and the cutoff radius due to the finite frequency bandwidth of each channel. The agreement between the average density measured with the 2 mm interferometer and ECE cutoffs is good. During fast density changes fringe hops can occur in the interferometer measurement. These 2 discontinuities in phase are relatively infrequent and rather easy to recognize. They are correlated with a reduction in the fringe amplitude which is also digitized. A computer program which also involves manual checking has been used to remove the ''fringe hops'' from the interferometer record. Hence the phase change as seen by the interferometer has an uncertainty of about Ϯ1 fringe ͑with Ϸ2.6ϫ10 18 m
Ϫ3
/fringe͒. The deviation between the average density calculated from ECE cutoffs and the interferometer has to be viewed in this light and the ECE cutoff density measurement is probably a more reliable measurement during this time.
For typical values of edge densities in COMPASS-C ͑Ϸ2.5ϫ10 18 m
, measured by a reciprocating Langmuir probe͒ the value of ␣ calculated using Eq. ͑20͒ differs from that calculated using Eq. ͑8͒ by about 0.1. The line average densities obtained from ECE cutoffs ͑Fig. 6͒ would increase by less than 5% as a result of correcting for the finite edge density. However, in certain types of discharges ͑e.g., H mode͒, where the edge densities are higher and the profiles are broader ͑smaller ␣͒ the difference may be significant.
From the observed ECE cutoffs and the interferometer data, we have obtained the densities at the time of the cut off of frequencies on the low field side ͑which are local cutoffs͒ using Eq. ͑16͒. These calculated densities representing a part of the profile are shown in Fig. 7 as circles. Though we have only a few points, in principle the whole of the outer density profile could be reconstructed in this way. As mentioned earlier, no explicit form for the density profile needs to be assumed in this way of density profile reconstruction. The solid curve in Fig. 7 represents the profile defined by Eq. ͑5͒ with ␣ϭ0.81, which is the value obtained from the first cutoff. The agreement between the data points and the profile obtained from the first cutoff is an absolute one in that no curve fitting or normalization is used.
IV. DISCUSSION
The cutoffs observed by the ECE diagnostic do not occur instantaneously ͑see Fig. 5͒ . Some of the reasons for this smearing out are ͑a͒ the finite frequency bandwidth of the channels, ͑b͒ the cutoff in a plasma occurs over a distance comparable to that of the wavelength, ͑c͒ the finite beam width due to the antenna pattern, and ͑d͒ the radiation reaching the antenna after reflection from the wall and cutoff layers. We have chosen, arbitrarily, the cutoff occurrence time as the time when the rate of change in the signal is greatest. The uncertainty in the precise instant of cutoff leads to an error which is indicated by the horizontal error bar in Fig. 6 . In a multichannel ECE system, if the first channel to cut off is the lowest or the highest frequency channel available then only an upper or lower bound can be put on the value of ␣.
The methods described in this paper are useful only if the density profile can be parametrized adequately with few parameters. If two free parameters are chosen, the first cutoff condition can be used to calculate both parameters uniquely. If there are three parameters then one independent measurement apart from the ECE cutoffs is required to determine all three parameters.
The technique described in this paper is an independent method for determining the absolute density with no more than a frequency calibration required. During cutoffs, when the ECE diagnostic is not useful for temperature measurement, this technique extends the utility of the diagnostic to obtain valuable information regarding the density profile. Unlike temperature measurements using ECE, the density measurement does not require the plasma to be optically thick.
The densities obtained from the ECE cutoffs are found to be in good agreement with those from an independent interferometric density measurement. Alternatively, the profile on the low field side can be determined using the local cutoffs without assuming any explicit form for the profile. Of course, both these techniques are useful only if the density is large enough to cut off the emission. O-mode fundamental emission is cut off at lower densities and could in principle be used for density measurement at densities lower than those at which the X-mode second harmonic is cut off.
